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COCYCLE RIGIDITY OF ABELIAN PARTIALLY
HYPERBOLIC ACTIONS
ZHENQI JENNY WANG1
Abstract. Suppose G is a higher-rank connected semisimple Lie group
with finite center and without compact factors. Let G = G or G =
G⋉ V , where V is a finite dimensional vector space V . For any unitary
representation (pi,H) of G, we study the twisted cohomological equation
pi(a)f − λf = g for partially hyperbolic element a ∈ G and λ ∈ U(1),
as well as the twisted cocycle equation pi(a1)f −λ1f = pi(a2)g−λ2g for
commuting partially hyperbolic elements a1, a2 ∈ G. We characterize
the obstructions to solving these equations, construct smooth solutions
and obtain tame Sobolev estimates for the solutions. These results can
be extended to partially hyperbolic flows parallelly.
As an application, we prove cocycle rigidity for any abelian higher-
rank partially hyperbolic algebraic actions. This is the first paper ex-
ploring rigidity properties of partially hyperbolic that the hyperbolic
directions don’t generate the whole tangent space. The result can be
viewed as a first step toward the application of KAM method in obtain-
ing differential rigidity for these actions in future works.
1. Introduction
1.1. Various abelian algebraic actions. We define Zk × Rℓ, k + ℓ ≥ 1
algebraic actions as follows. LetH be a connected Lie group, A ⊆ H a closed
abelian subgroup which is isomorphic to Zk ×Rℓ, L a compact subgroup of
the centralizer Z(A) of A, and Γ a torsion free lattice in H. Then A acts by
left translation on the compact space M = L\H/Γ. Denote this action by
αA. The three specific types of examples discussed below correspond to:
• for the symmetric space examples take H a semisimple Lie group of
the non-compact type.
• for the twisted symmetric space examples take H = G ⋉ρ R
m or
H = G⋉ρ N , a semidirect product of a reductive Lie group G with
semisimple factor of the non-compact type with Rm or a simply
connected nilpotent group N .
• for the parabolic action examples, take H a semisimple Lie group
of the non-compact type and A a subgroup of a maximal abelian
unipotent subgroup in H.
Key words and phrases: Higher rank Abelian group actions, cocycle rigidity, partially
hyperbolic dynamical systems.
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1.2. History and method. In contrast to the classical rank-one actions
where Livsic showed that there is an infinite-dimensional space of obstruc-
tions to solving the cohomological equation for a hyperbolic action by R or
Z, in the past two decades various rigidity phenomena for (partially) hyper-
bolic actions have been well understood. Significant progresses have been
made in the case of cocycle rigidity for higher rank (partially) hyperbolic
algebraic actions (see [4], [17], [18], [19] and [28]) obtained from symmetric
and twisted symmetric space examples. In these papers, the higher rank
property is used to show the existence of a distributional or continuous
transfer function; then the smoothness of the transfer function follows from
the fact that it is smooth along stable and unstable directions and that
those generate the tangent space at every point. Hence all actions consid-
ered in previous papers satisfy the following property which is essential for
obtaining smooth rigidity:
(B) The stable directions of various action elements generate the tangent
space as a Lie algebra.
In [18] and [19] the proofs are based on harmonic analysis of semisim-
ple Lie groups, specifically, on exponential decay of matrix coefficients of
partially hyperbolic elements. In [4], [17] and [28] the main geometric ingre-
dient is the accessibility of stable and unstable foliations, which enables the
construction of continuous transfer function. The natural difficulty in ex-
tending the rigidity results to general partially hyperbolic algebraic actions
comes from three aspects: firstly, how to obtain exponential decay of ma-
trix coefficients in general twisted spaces. The method used in [18] requires
that individual acting element acts ergodicly on the torus bundle. But this
condition fails once 0 weight appears. Secondly, for general partially hy-
perbolic actions, the stable and unstable foliations are no longer accessible.
This means geometric method (the method in [4], [17] and [28]) can’t be
adapted to general cases. Thirdly, the smoothness of the solution to the co-
homological equation followed from subelliptic regularity theorem. But this
comes with three disadvantages: firstly, this requires that that the actions
taken into account should satisfy condition (B); secondly, the solution of
the cohomological equation loses at least half of regularity. Tame estimates
(finite loss of regularity) for the solution is important in dynamics, since it is
closely related to obtain smooth action rigidity in dynamics, see [6] and [5];
thirdly, subelliptic regularity theorem fails for general Hilbert spaces. For
example, the methods in previous papers all fail if projection of the acting
group to one simple factor of the semisimple part is trivial.
In this paper, we study the cohomological equation for general partially
hyperbolic acting elements and build up cocycle rigidity results for gen-
eral higher-rank partially hyperbolic algebraic actions. We characterize
the obstructions to solving the (twisted) cohomological equation, construct
smooth solution and obtain the tame Sobolev estimates for the solution, i.e,
there is finite loss of regularity (with respect to Sobolev norms) between
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the coboundary and the solution. As an application, we prove the smooth
(twisted) cocycle rigidity for any higher rank partially hyperbolic actions
over G. To prove these results, we introduce new ingredients from repre-
sentation theory and obtain more elaborate information about estimates in
neutral directions. These results are of independent interest and have wide
applicability.
1.3. Motivation. So far an effective approach to local differentiable rigidity
is the “geometric” method first introduced in [4, 6] to prove local smooth
rigidity for generic restrictions in SL(n,R)/Γ and SL(n,C)/Γ. This ap-
proach is based on geometry and combinatorics of invariant foliations and
using insights from algebraic K-theory as an essential tool. The approach
was further employed in [30], [31], [32] and [28] for extending cocycle rigidity
and differentiable rigidity to most higher rank actions for symmetric space
and twisted symmetric space examples satisfying the following genuinely
higher rank condition: the projection of the acting group to each simple
factor of the semisimple part contains a Z2 subgroup. The genuinely higher
rank condition is necessary for the application of geometric method. In many
situations of interest, however this condition is not present (for example, for
the homogeneous space SL(2, k)n/Γ, where k = R or C).
One important application of the results in the present paper is that these
results open a prospect of proving a version of local differentiable rigidity
for general partially hyperbolic actions. This should work as follows: by
linearization of the conjugacy equation, we get the corresponding linearized
equation:
Ad(α)Ω − Ω ◦ α = R(1.1)
where α is an A-algebraic action (the unperturbed action) and R is the error
between α and its perturbation α˜. If Ω is a solution for the linearized equa-
tion, or at least an approximate solution, i.e., it solves the above equation
with a small error with respect to R, then one may expect that the new
perturbation α˜(1) defined by is much closer to α than α˜. Carrying out the
iteration process, one may produce a smooth conjugacy between α and α˜.
This method first appeared in [5] to prove the differentiable rigidity of
partially hyperbolic but not hyperbolic actions on torus. A scheme similar
to that of [5] applies to certain parabolic cases, i.e. homogeneous actions of
unipotent abelian groups in [7]. To carry out the above scheme, the first task
is to precisely describe the solution to the equation (1.1), which is studied
in Section 6.6. Note that during the iteration process, the acting groups
are not fixed, but vary in a small neighbourhood. So we need to obtain
uniform estimates for these actions. Hence the results in the present paper
are essential for successful application of the scheme to general partially
hyperbolic actions in the future work, see [33].
4 COCYCLE RIGIDITY OF ABELIAN PARTIALLY HYPERBOLIC ACTIONS
2. Background, definition, and statement of results
2.1. Preliminaries on cocycles. Let α : A ×M →M be an action of a
topological group A on a (compact) manifold M by diffeomorphisms. For
a topological group (Y, ∗) and a homomorphism ψ : A → Aut(Y ), a (ψ-
twisted)-cocycle over α is a continuous function β : A× E → Y satisfying:
β(ab, x) = β(a, α(b, x)) ∗ ψ(a)β(b, x)(2.1)
for any a, b ∈ A. A (twisted) cocycle is cohomologous to a constant twisted
cocycle (cocycle not depending on x) if there exists a constant (twisted)
cocycle s : A→ Y and a continuous transfer map H :M→ Y such that for
all a ∈ A
β(a, x) = H(α(a, x)) ∗ s(a) ∗ (ψ(a)H(x))−1(2.2)
(2.2) is called the cohomology equation.
In particular, a cocycle is a coboundary if it is cohomologous to the trivial
cocycle π(a) = idY , a ∈ A, i.e. if for all a ∈ A the following equation holds:
β(a, x) = H(α(a, x)) ∗ (ψ(a)H(x))−1.(2.3)
For more detailed information on cocycles adapted to the present setting see
[4] and [15].
In this paper we will only consider smooth Ck-valued cocycles over alge-
braic partially hyperbolic actions on smooth manifolds. By taking compo-
nent functions we may always assume that β is valued on C. Further, by
taking real and imaginary parts, we can extend the results for real valued
cocycles as well. Adapted to the settings in this paper, A is isomorphic
to Zk or Rk and the space X = G/Γ, if G = G and X = G/Γ ⋉ ZN if
G = G ⋉ RN , where Γ is an irreducible torsion free lattice in G. A cocy-
cle is called Hr if the map β(a, ·) ∈ Hr(L2(G/Γ)) for any a ∈ A, where
Hr(L2(G/Γ)) is Sobolev space of order r for the left regular representation
of G on L2(G/Γ). We can also define β to be of class Cr. We also note that
if the cocycle β is cohomologous to a constant cocycle, then the constant
cocycle is given by s(a) =
∫
G/Γ β(a, x)dx.
In what follows, C will denote any constant that depends only on the
given group G. Cx,y,z,··· will denote any constant that in addition to the
above depends also on parameters x, y, z, · · · .
2.2. Statement of the results. In this paper, G denotes a higher-rank
connected semisimple Lie group with finite center and without compact
factors. Fix a maximal compact subgroup K of G and a right invariant,
bi-K-invariant metric d on G. Let A0 be the R-split Cartan subgroup of G
admitting the Cartan decomposition G = KA0K.
For a finite dimensional vector space V , a continuous representation ρ :
G → GL(V ) is called excellent if ρ(Gi)-fixed points in V are {0} for each
simple factor Gi of G. Set G = G or G ⋉ρ V , where ρ is excellent. The
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multiplication of elements in G⋉ρ V is defined by
(g1, r1) · (g2, r2) = (g1g2, ρ(g
−1
2 )r1 + r2).(2.4)
For any s ∈ G ⋉ρ V , we have the decomposition s = (gs, vs), where gs ∈ G
and vs ∈ V . Then for any s = (gs, vs) ∈ G, we have
Ad(s)(X) = Ad(gs)(X) − ρ(gs)dρ(X)vs, and
Ad(s)(v) = ρ(gs)v.(2.5)
for any X ∈ Lie(G) and v ∈ V .
Set d1
(
(g, v), e
)
= d(g, e) + d0(v, e), where d0 is a metric on V . Fix an
inner product on G = Lie(G) (determined by d or d1). Let G
1 be the set of
unit vectors in G.
Definition 2.1. An algebraic flow φR on G (resp. an element a ∈ G ) is
called partially hyperbolic if the spectrum of the group Ad(φt) (resp. Ad(a))
acting on G is not contained in U(1).
Our first two results characterize the obstructions to solving the cohomo-
logical equation and obtain Sobolev estimates for the solution. The next
theorem shows that the (π(a)− λI)-invariant distributions are the only ob-
structions to solving the cohomological equation π(a)f−λf = h where a ∈ G
is partially hyperbolic and λ ∈ U(1).
Theorem 2.2. Suppose (π, H) is a unitary representation of G such that
the restriction of π to any simple factor of G is isolated from the trivial
representation (in the Fell topology) if G = G; or π contains no non-trivial
V -fixed vectors if G = G ⋉ρ V . For any partially hyperbolic element a and
λ ∈ U(1),
(1) if f ∈ H1 is a solution of the equation: π(a)f − λf = h, then∑+∞
j=−∞ λ
−(j+1)π(aj)h = 0 as a distribution.
(2) there exist constants m0 > σ > 1 (only depending on G) such that
for any m ≥ m0, there exists δ(m) > 0, such that for any b ∈ G
with d(a, b) < δ, if h ∈ Hm satisfying
∑+∞
j=−∞ λ
−(j+1)π(bj)h = 0 as
a distribution, then the equation
π(b)f − λf = h(2.6)
has a solution f ∈ Hm−σ and the following estimate holds
‖f‖m−σ ≤ Cm,a‖h‖m.
(3) if h ∈ H∞ and D(h) = 0 for any (π(a) − λI)-invariant distribution
D ∈ H−1, then the cohomological equation π(a)f − λf = h, has a
solution f ∈ H∞.
The next result is about the existence of common solution to the coho-
mological equations. Suppose a, b ∈ G are partially hyperbolic and linearly
independent and m0, σ as in Theorem 2.2.
6 COCYCLE RIGIDITY OF ABELIAN PARTIALLY HYPERBOLIC ACTIONS
Theorem 2.3. Suppose (π, H) is a unitary representation of G such that
the restriction of π to any simple factor of G is isolated from the trivial
representation if G = G; or π contains no non-trivial V -fixed vectors if
G = G⋉ρ V . For any m ≥ m0+σ, there exists δ(m) > 0, such that for any
a1, b1 ∈ G with d(a, a1) + d(b, b1) < δ and a1b1 = b1a1, if f, h ∈ H
m and
satisfy the cocycle equation
π(a1)f − λ1f = π(b1)h− λ2h
where λ1, λ2 ∈ U(1), then the equations
π(b1)p− λ2p = f, π(a1)p− λ1p = h
have a common solution p ∈ Hm−σ satisfying the Sobolev estimate
‖p‖m−σ ≤ Cm,a,bmax{‖h‖m, ‖f‖m}.
Remark 2.4. Results in Theorem 2.2 and 2.3 can be extended to partially
hyperbolic flows correspondingly. See Corollary 4.6 and 5.4.
As an application, for the symmetric space examples and the twisted
symmetric space examples we prove locally cocycle rigidity for any higher-
rank partially hyperbolic action. All relevant definitions appear in Section
6.3.
Theorem 2.5. Let αA on L\G/Γ be an abelian higher-rank partially hyper-
bolic algebraic action of symmetric space examples or of the twisted symmet-
ric space examples. N ⊂ G is the neutral distribution of αA on G/Γ. Then
there exist p > s > 0 such that for any m ≥ p:
(1) any Hm-cocycle β over αA is cohomologous to a constant cocycle via
a Hm−s-transfer map;
(2) if β is a Hm-Ad-twisted cocycle taking values on N over αA, then
β is cohomologous to a constant twisted cocycle via a Hm−s-transfer
map.
Acknowledgements. I would like to thank Roger Howe for discussion
of matrix coefficients decay on twisted symmetric spaces. Livio Flaminio
suggested a method of obtaining tame estimates in the centralizer direction
in a different setting that inspired our arguments on that topic.
3. Preliminaries on unitary representation theory
3.1. Sobolev space and elliptic regularity theorem. Let π be a unitary
representation of a Lie group S with Lie algebra s on a Hilbert space H =
H(π).
Definition 3.1. For k ∈ N, Hk(π) consists of all v ∈ H(π) such that the
H-valued function s → π(s)v is of class Ck (H0 = H). For X ∈ s, dπ(X)
denotes the infinitesimal generator of the one-parameter group of operators
t→ π(exp tX), which acts on H as an essentially skew-adjoint operator. For
any v ∈ H, we also write Xv := dπ(X)v.
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We shall call Hk = Hk(π) the space of k-times differentiable vectors for
π or the Sobolev space of order k. The following basic properties of these
spaces can be found, e.g., in [25] and [8]:
(1) Hk =
⋂
m≤kD(dπ(Yj1) · · · dπ(Yjm)), where {Yj} is a basis for s, and
D(T ) denotes the domain of an operator on H.
(2) Hk is a Hilbert space, relative to the inner product
〈v1, v2〉S,k : =
∑
1≤m≤k
〈Yj1 · · ·Yjmv1, Yj1 · · ·Yjmv2〉+ 〈v1, v2〉
(3) The spacesHk coincide with the completion of the subspaceH∞ ⊂ H
of infinitely differentiable vectors with respect to the norm
‖v‖S,k =
{
‖v‖2 +
∑
1≤m≤k
‖Yj1 · · ·Yjmv‖
2
} 1
2 .
induced by the inner product in (2). The subspace H∞ coincides
with the intersection of the spaces Hk for all k ≥ 0.
(4) H−k, defined as the Hilbert space duals of the spaces Hk, are sub-
spaces of the space H−∞ of distributions, defined as the dual space
of H∞.
We write ‖v‖k := ‖v‖S,k and 〈v1, v2〉k := 〈v1, v2〉S,k if there is no confusion.
Otherwise, we use subscripts to emphasize that the regularity is measured
with respect to S.
3.2. Elliptic regularity theorem. We list the well-known elliptic regular-
ity theorem which will be frequently used in this paper (see [26, Chapter I,
Corollary 6.5 and 6.6]):
Theorem 3.2. Fix a basis {Yj} for s and set L2m =
∑
Y 2mj , m ∈ N. If
L2mv ∈ H, then v ∈ H
2m with Sobolev estimate
‖v‖2m ≤ Cm(‖L2mv‖+ ‖v‖), ∀m ∈ N
where Cm is a constant only dependent on m and {Yj}.
Suppose Γ is a torsion-free cocompact lattice in S. Denote by Υ the
regular representation of S on H(Υ) = L2(S/Γ). Then we have the following
subelliptic regularity theorem (see [19]):
Theorem 3.3. Fix {Yj} in s such that commutators of Yj of length at most
r span s. Also set L2m =
∑
Y 2mj , m ∈ N. Suppose f ∈ H(Υ) or f ∈ H
−∞.
If L2mf ∈ H(Υ) for any m ∈ N, then f ∈ H
∞(Υ) and satisfies
‖f‖ 2m
r
−1 ≤ Cm(‖L2mf‖+ ‖f‖), ∀m ∈ N(3.1)
where Cm is a constant only dependent on m and {Yj}.
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Remark 3.4. The elliptic regularity theorem is a general property, while the
subelliptic regularity theorem only has local versions on manifolds (see [27]).
More precisely, the proof of the above theorem is based on the following
general subelliptic regularity theorem: for any x ∈ S/Γ there is an open
neighbourhood V containing x such that if f and L2mf are both in L
2(V ),
then
‖f‖ 2m
r
−1 ≤ Cm,V (‖L2mf‖+ ‖f‖), ∀m ∈ N
where Cm,V is a constant only dependent on m, {Yj} and V . In other
words, we can only get a local version of (3.1) on the manifold S/Γ. Then
the compactness of S/Γ is essential to the existence of a uniform constant
Cm for the global Sobolev estimates.
3.3. Exponential matrix coefficients decay.
Definition 3.5. Let π be a unitary representation of S on a Hilbert space
H. Say that a vector v ∈ H is δ-Lipschitz if
δ = sup
g∈G−{e}
‖π(g)v − v‖
dist(e, g)
<∞;
we will refer to the number δ as to the δ-Lipschitz coefficient of v, and say
that the vector v is δ-Lipschitz.
If S is semisimple without compact factors and with finite center, Klein-
bock and Margulis (see [21, appendix]) extended the matrix coefficient decay
result about smooth vectors in [18] to Lipschitz vectors. Fix a maximal com-
pact subgroup K of S and a Riemannian metric d on S which is bi-invariant
with respect to K.
Theorem 3.6 (Kleinbock and Margulis). Let (π, H) be a unitary repre-
sentation of S such that the restriction of π to any simple factor of S is
isolated from the trivial representation. Then there exist constants γ,E > 0,
dependent only on S such that if vi ∈ H, i = 1, 2, be δi-Lipschitz vectors
then for any g ∈ S
|〈π(g)v1, v2〉| ≤ (E‖v1‖‖v2‖+ δ1‖v2‖+ δ2‖v1‖+ δ1δ2)e
−γd(e,g).
Remark 3.7. If G = G⋉ρ V , then it also follows from Theorem 1.2 of [32]
that for any unitary representation π of G without V -fixed vectors, its re-
striction to any simple factor of G is isolated from the trivial representation.
The implies that the above theorem applies for the restriction of π to G.
4. Solution of the twisted coboundary
Throughout this part, (π, H) always denotes a unitary representation of
G such that the restriction of π to any simple factor of G is isolated from the
trivial representation if G = G; or π contains no non-trivial V -fixed vectors
if G = G⋉ρ V .
COCYCLE RIGIDITY OF ABELIAN PARTIALLY HYPERBOLIC ACTIONS 9
The subsequent discussion will be devoted to the proof of Lemma 4.4.
Typically differences between the cases G = G and G = G⋉ρV are minimal,
and usually appear at the level of notations. However, the case G = G⋉ρ V
requires a separate argument in order to obtain exponential decay of matrix
coefficients.
First we define obstructions to solvability of the twisted coboundary equa-
tion, for a single element and show that vanishing of those obstructions im-
plies solvability of the equation with tame estimates with respect to Sobolev
norms. The latter property is an instance of cohomological stability, the
notion first defined in [16]. The scheme of the proof is as follows:
(1) We note that f is the solution of the equation (2.6) if and only if
π(s)f is the solution of the equation
π(sbs−1)π(s)f − λπ(s)f = π(s)h;(4.1)
and
∑+∞
j=−∞ λ
−(j+1)π(bj)h = 0 as a distribution if and only if
+∞∑
j=−∞
λ−(j+1)π((sbs−1)j)(π(s)h) = 0
as a distribution. Then instead of solving the equation (2.6), we
solve the equation (4.1) for a well chosen s (see Section 4.2).
(2) The crucial step in proving Theorem 2.2 is Lemma 4.4. Since gen-
erally, condition (B) fails, we study the restricted representation π′
of π on G′ (see Section 4.1) instead of π. Note that condition (B)
holds on G′.
(3) Decay estimates for matrix coefficients imply existence of two distri-
bution solutions obtained by iteration in positive and negative direc-
tions: one of those solutions is differentiable along stable directions
and the other along unstable directions.
(4) Vanishing of the obstructions implies that those distribution solu-
tions coincide. Since solution along the stable and unstable di-
rections is given by explicit exponentially converging “telescoping
sums”, they can be differentiated without loss of regularity. Up
to this point the proof follows the same general scheme as in [18]
although we obtain more elaborate information about estimates in
other directions.
(5) Remaining directions in G′ with Ad eigenvalues sufficiently close to
1 for the acting element; hence derivatives of all orders in those
direction have every slow increasing speed. Tame estimates follow
from that and from the fact that those vector-fields can be expressed
as polynomial of hyperbolic ones, i.e. from condition (B) on G′.
(6) Note that the derivatives of all orders in directions outside G′ are
still distributions for π′ and satisfy the solvability condition. Then
estimates for these directions follow from previous steps.
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4.1. Spectral space decomposition. If G = G, for any s ∈ G under the
adjoint representation of G, Ad(s) has the decomposition:
Ad(s) = exp(Zs) exp(Xs) exp(Ys)(4.2)
for 3 commuting elements, where Zs is compact, Xs is R-semisimple, Ys is
nilpotent (see, eg, [10, Proposition 2]).
The decomposition (4.2) also implies that we have the corresponding de-
composition for a:
s = ksxsns(4.3)
where xa = exp(Xa) ∈ G is R-semisimple, ka = exp(Zs) ∈ G is compact
and ns = exp(Ya) ∈ G is nilpotent. It is clear that xa and na commute
and ksxs = xsksz1 and ksns = nsksz2, where z1, z2 ∈ Z(G). Since Z(G)
is finite, there exists n ∈ N such that ksx
n
s k
−1
s = x
n
s , which implies that
Ad(ks)(Xs) = Xs. This shows that ks and xs commute. Similarly, we get
ksns = nsks.
If s is partially hyperbolic, xs is non-trivial. If G = G ⋉ρ V , For any
s = (gs, vs) ∈ G, if s is partially hyperbolic, xgs is non-trivial.
For any partially hyperbolic element s, the Lie algebra G of G has the
eigenspace decomposition for Ad(xs) or Ad(xgs):
G =
∑
µ∈∆(s)
gµ(s)(4.4)
where ∆(s) is the set of eigenvalues and gµ(s) is the eigenspace for eigenvalue
µ. We note that the eigenvalues of Ad(s) are determined by those of Ad(xs)
or Ad(xgs) up to some elements in U(1).
Let g be the subalgebra generated by all gµ, µ 6= 1. Then:
Lemma 4.1. (1) g is an ideal in G.
(2) If G = G⋉ V , then V ⊂ g.
Proof. (1) follows directly form the fact that [gµ1 , gµ2 ] ⊆ gµ1µ2 . Let G
′(s) be
the connected subgroup with Lie algebra g. The semisimple part of G′(s)
is an almost direct product of simple factors of the semisimple part of G.
If G = G ⋉ V , by complete reducibility for representations of semisimple
groups, there is a decomposition of
V =
⊕
i∈I
Vi,
for restricted representation ρ on G′(s) such that ρ is irreducible on each
Vi. Since ρ is excellent (see Section 2.2), the restricted representation is
non-trivial on each Vi. By (2.5) we see that each Vi is contained in g. Then
we get (2) immediately. 
Remark 4.2. For a fixed partially hyperbolic element a ∈ G, let g be the
subalgebra generated by all gµ, µ 6= 1. Let G
′ = G′(a) be the connected
subgroup with Lie algebra g. G′ is dependent on a; furthermore, even if b is
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close to a, G′(b) is not necessarily to be equal to G′(a). For example, if G is
semisimple and a is inside a simple factor G1 of G, then for b close enough
to a, G′(b) can be any product of simple factors of G containing G1. But if
we consider the subalgebra generated by the gµ(b), for those µ sufficiently
close to ∆(a) \ 1, then it is still g (see Lemma 4.3).
Next, we study the spectral space decomposition of elements sufficiently
close to a. Suppose b is sufficiently close to a. We will need to consider the
eigenspaces for Ad(xb) or Ad(xgb). In next section, we want to study the
restricted representation π on G′. Since b is probably not contained in G′
as explained in previous part, we need to consider the decomposition of xb
or xgb instead. We have a direct sum decomposition of
Lie(G) = g1 ⊕ g2.
where g1 is the Lie algebra of the semisimple part of G
′. Then we have the
decomposition:
xb = xb,1xb,2 or xgb = xgb,1xgb,2,
where xb,i and xgb,i, i = 1, 2 is in the connected subgroup with Lie algebra
gi. Note that xb,i or xgb,i, i = 1, 2 commute with xa or xga respectively. It
is clear that xb,2 or xgb,2 are sufficiently close to identity if b is sufficiently
close to a.
We have the eigenspace decomposition for Ad(xb,1) or Ad(xgb,1):
G =
∑
µ∈∆′(b)
lµ.
where ∆′(b) is the set of eigenvalues of Ad(xb,1) or Ad(xgb,1) and lµ is the
eigenspace for eigenvalue µ. Let ∆′′(b) = {µ ∈ ∆′(b) : µ ∈ (ν − ǫ, ν +
ǫ) where ν ∈ ∆(a)\1} for sufficiently small ǫ. In fact, ∆′′(b) excludes those
eigenvalues sufficiently close to 1. Then:
Lemma 4.3. Let g′ be the subalgebra generated by all lµ, µ ∈ ∆
′′(b). Then
g′ is an ideal and g′ = g.
Proof. To prove that g′ is an ideal it suffices to shows that for any µ1 ∈ ∆
′′(b)
and µ2 ∈ ∆
′(b)\∆′′(b), [gµ1 , gµ2 ] ⊆ gµ′ for some µ
′ ∈ ∆′′(b). We note
that [gµ1 , gµ2 ] ⊆ gµ1µ2 . By assumption, µ1µ2 ∈ ∆
′′(b) since µ1µ2 is “far
away” from 1 by assumption. If G = G, then it is clear that g′ = g. If
G = G ⋉ V , g′ = g have the same semisimple part by previous arguments.
Lemma 4.1 shows that both g′ and g contain V . Then the result follows
immediately. 
Hence we have the decomposition:
G = g ⊕ g2 = g ⊕
∑
µ∈∆′′′(b)
lµ,(4.5)
where ∆′′′(b) ⊂ ∆′(b)\∆′′(b). Note that elements in ∆′′′(b) are sufficiently
close to 1.
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For each µ ∈ ∆′(b), set Xµ1 , · · · ,X
µ
dim lµ
∈ G1 to be a basis of lµ. Above
lemma shows that there exists r(a) > 0 such that for any b sufficiently close
to a, Xµj , where µ ∈ ∆
′′(b), 1 ≤ j ≤ dim lµ as well as their commutators of
length no larger than r(a) span g.
Let pj be polynomials with degree no greater than r(a) such that the
linear span of the set {
pj(X
µl(1)
j(1) , · · · ,X
µl(i)
j(i) ), X
µ
t
}
(4.6)
where µl(k) ∈ ∆
′′(b) for all 1 ≤ k ≤ i and 1 ≤ t ≤ dim lµ, µ ∈ ∆
′′(b), generate
g. Here we note that after substituting elements in g, these pj take values
in the universal enveloping algebra U(g).
4.2. Conjugation in semidirect product. If G = G⋉ρ V , we note that
I − ρ(gb) restricted on the subspace W =
∑
µ∈∆′′(b) gµ
⋂
V is invertible.
Denote by (I − ρ(gb))
−1 |W the inverse map on W . Then we have a decom-
position:
vb =
∑
µ∈∆′′(b)
vb,µ
︸ ︷︷ ︸
vb(1)
+
∑
µ∈∆′(b)\∆′′(b)
vb,µ
︸ ︷︷ ︸
vb(2)
where vb,µ ∈ gµ
⋂
V . Then u = ρ(gb)(vb(1)) ∈ W . Set ub = −(I −
ρ(gb))
−1|W (ρ(gb)u) and s = (gb, ub). Then by easy computation we have
sbs−1 =
(
gb, ρ(gb)v
′
b
)
,
where ρ(gb)v
′
b ∈
∑
µ∈∆′(b)\∆′′(b) vb,µ
⋂
V .
Note that the norms of such s are uniformly bounded for b sufficiently close
to a. By discussion at the beginning of Section 4 (we see that conjugation
by s doesn’t affect the conclusions in Theorem 2.2), we can just assume that
b has the decomposition: b = (gb, vb), vb ∈
∑
µ∈∆′(b)\∆′′(b) vb,µ. Then we
can write b = (xgb,1, 0)(xgb,2kgbngb , vb). Since the eigenvalues of Ad(xgb,1) on
∆′(b) \∆′′(b) are sufficiently close to 1, we have
‖Ad(xjgb,1)(vb)‖ ≤ C(1 + ǫ)
|j|‖vb‖, ∀j ∈ Z.(4.7)
Using (2.5), we have
bj =
(
gjb ,
j−1∑
i=0
ρ(g−ib )vb
)
= (xjgb,1, 0)
(
xjgb,2k
j
gb
njgb ,
j−1∑
i=0
ρ(g−ib )vb
)
= (xjgb,1, 0)
(
xjgb,2k
j
gb
njgb,
j−1∑
i=0
Ad(g−ib )vb
)
(4.8)
Let yb,j = x
j
b,2k
j
bn
j
b if G = G or yb,j =
(
xjgb,2k
j
gbn
j
gb ,
∑j−1
i=0 Ad(g
−i
b )vb
)
if
G = G⋉ρ V . If there is no confusion, we abuse xb,1 and xgb,1 for simplicity.
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4.3. Twisted cohomological stability. Fix a partially hyperbolic element
a ∈ G. It is clear that π is also a unitary representation for G′(a). We use
(π′, H) to denote the restricted representation. Define r0 to be the minimal
positive integer satisfying:
χ · φr0 > 1 if φ > 1, and χ · φr0 < 1 if φ < 1(4.9)
for any χ, φ ∈ ∆(a).
Let m0 = max{r0, r(a)}, where r(a) is defined (4.6). We list the following
lemma which is very important for the sequel.
Lemma 4.4. Suppose b ∈ G is sufficiently close to a. Also suppose λ ∈ C
with |λ| sufficiently close to 1. Then:
(1) For any j ∈ Z, v ∈ H1(π) and u ∈ H1(π′) we have
|〈π(bj)v, u〉| ≤ C(1 + ǫ)|j|(|j| + 1)dimG
(
‖v‖‖u‖ + ‖u‖‖v‖G,1
+ ‖v‖‖u‖G′,1 + ‖u‖G′,1‖v‖G,1
)
e−γ|j|l(b),
where l(b) = 12
∑
µ∈∆(b)|log µ| > 0, γ > 0 is a constant only depen-
dent on G and ǫ ≥ 0 is sufficiently small.
(2) Suppose v = {vj}, j ∈ Z is a sequence in H
1(π) satisfying ‖vj‖G,1 ≤
P (|j|), where P a polynomial, then
D
(+−)
v (b) =
(
−
+
) ∑
( j≥0j≤−1)
λ−(j+1)π(bj)vj
are distributions in π′.
(3) Suppose m > m0 + 3 and suppose v = {vj}, j ∈ Z is a sequence in
Hm(π) satisfying ‖vj‖G,s ≤ Ps(|j|)‖h‖G,s, where Ps are polynomials,
0 ≤ s ≤ m and h is a vector in Hm(π). There exists δ(m) > 0,
such that for any b ∈ G with d(a, b) < δ, if fv
def
= D+v (b) = D
−
v (b)
as distributions in π′. Then fv ∈ H
m−m0−3(π′) and the following
estimate holds
‖fv‖G′,m−m0−3 ≤ Cm,p1,··· ,Pm‖h‖G,m.
Remark 4.5. In (3), m is dependent on the closeness of b and a for general
partially hyperbolic element a. If G = G and a is regular, i.e., χ(a) 6= 0 for
any roots of G, then m is independent on the closeness.
Proof. Let G′ denote the semisimple part of G′. If G = G, then it is clear
that the restriction of π′ to any simple factor of G′ is isolated from the
trivial representation; if G = G⋉ρ V , then it also follows from Theorem 1.2
of [32] that the restriction of π′ to any simple factor of G′ is isolated from
the trivial representation. The above arguments justify the application of
Theorem 3.6 for the restricted representation of (π′,H) on G′.
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Proof of (1). Recall notations in Section 4.2. By Theorem 3.6 for any
v ∈ H1(π) and u ∈ H1(π′) we have,
|〈π(bj)v, u〉| = |〈π′(xjb,1)(π(yb,j)v), u〉|
≤ C(‖π(yb,j)v‖‖u‖ + δj‖u‖+ δ‖π(yb,j)vj‖+ δjδ)e
−γ1d(e,x
j
b,1)
= C(‖v‖‖u‖ + δj‖u‖+ δ‖v‖ + δjδ)e
−γ1d(e,x
j
b,1)(4.10)
where δ = ‖u‖G′,1, δj = ‖π(yb,j)v‖G′,1 and γ1 > 0 is a constant only depen-
dent on G.
Since xb,1 is partially hyperbolic and conjugated to an element in A0, then
d(e, xjb,1) ≥ C|j|l(b)(4.11)
where l(b) = 12
∑
µ∈∆(b)|log µ| > 0. Here we use ∆(b) instead of ∆
′(b) since
xb,1 is sufficiently close to xb.
If G = G, since kb is compact, nb is unipotent, xb2 is sufficiently close to
identity and they are commuting, then for any Y ∈ G we have
‖Ad(yb,j)Y ‖ ≤ C(1 + ǫ)
|j|(|j| + 1)dimG‖Y ‖, ∀j ∈ Z,(4.12)
where ǫ ≥ 0 is sufficiently small.
If G = G⋉ρ V , first, we note that in the expression of yb,j (see (4.8)),
Ad(g−ib )vb = Ad(x
−i
gb,2
k−igb n
−i
gb
x−igb,1)vb.
Then by using (4.7) and noting that Ad(xgb,2) is sufficiently close to identity,
we see that estimates in (4.12) still hold. Note that in (4.11) and (4.12) we
can take uniform C for all b sufficiently close to a.
Also note that for any Y ∈ G
Y π(yb,j)v = π(yb,j)
(
Ad(y−1b,j )Y
)
v.(4.13)
Then it follows that
δj ≤ C(1 + ǫ)
|j|(|j|+ 1)dimG‖v‖G,1.(4.14)
Then the estimate for |〈π(bj)v, u〉| follows directly from (4.10), (4.11) and
(4.14).
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Proof of (2). It follows from previous result that
∞∑
j=−∞
|〈λ−(j+1)π(bj)vj , u〉| =
∞∑
j=−∞
|λ|−(j+1) · |〈π(bj)vj , u〉|
≤ C
∞∑
j=−∞
|λ|−(j+1)(1 + ǫ)|j|(‖vj‖‖u‖+ δj‖u‖+ δ‖vj‖+ δjδ)e
−γd(e,xj
b,1)
≤ C
∞∑
j=−∞
|λ|−(j+1)(1 + ǫ)|j|(|j| + 1)dimG‖vj‖G,1‖u‖G′,1e
−Cγl(b)|j|
≤ C
∞∑
j=−∞
|λ|−(j+1)(1 + ǫ)|j|(|j| + 1)dimGP (|j|)‖u‖G′ ,1e
−Cγl(b)|j|
< +∞
This shows that D
(+−)
v (b) are distributions in π′.
Proof of (3) We will show differentiability of fv by using both of its forms.
First, we show differentiability of fv in X
µ
i , µ ∈ ∆
′′(b).
For any Xµi , 1 ≤ i ≤ dim lµ, if µ > 1, we may use the D
+
v form to obtain
the following bound on s’th derivative
∞∑
j=0
(Xµi )
s
(
λ−(j+1)π(bj)h
)
=
∞∑
j=0
λ−(j+1)µ−jsπ1(x
j
b,1)(X
µ
i )
s
(
π(yb,j)h
)
=
∞∑
j=0
λ−(j+1)µ−jsπ1(x
j
b,1)
(
π(yb,j)(Zj)
sh
)(4.15)
where Zj = Ad(y
−1
b,j )(X
µ
i ) for all 1 ≤ s ≤ m.
By using (4.12) we see that the left-hand side of (4.15) converges abso-
lutely in H with estimates
‖(Xµi )
sD+v ‖ ≤
∞∑
j=0
µ−js‖λ−(j+1)π1(x
j
b,1)
(
π(yb,j)(Zj)
svj
)
‖
=
∞∑
j=0
µ−js|λ|−(j+1)‖(Zj)
svj‖
≤
∞∑
j=0
Cµ−js|λ|−(j+1)(1 + ǫ)|j|(|j| + 1)dimGPs(|j|)‖h‖G,s
≤ Cs,Ps‖h‖G,s.(4.16)
Similarly, if µ < 1 using the form fv = D
−
v , the estimates
‖(Xµi )
sD−v ‖ ≤ Cs,Ps‖h‖G,s.(4.17)
holds if 1 ≤ s ≤ m.
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Before we show differentiability in other directions, we obtain tame esti-
mates for Xµi fv, µ ∈ ∆
′′(b) instead, which is important for that purpose.
Fix Xµi , µ ∈ ∆
′′(b), 1 ≤ i ≤ dim gµ. (4.16) and (4.17) show that
‖(Xµi )fv‖ ≤ CP1‖h‖G,1.(4.18)
If µ > 1, for any Xχj with χ ∈ ∆
′′(b) and χ > 1 or χ ∈ ∆′(b)\∆′′(b), we have
(Xχj )
s(Xµi D
+
v ) = −
∞∑
ℓ=0
λ−(ℓ+1)(χsµ)−ℓπ1(x
ℓ
b,1)
(
π(yb,ℓ)(Zℓ)
sYℓvℓ
)
where Zℓ = Ad(y
−1
b,ℓ )(X
χ
j ) and Yℓ = Ad(y
−1
b,ℓ )(X
µ
i ) for all 1 ≤ s ≤ m− 1.
Since χ is succinctly close to 1 if χ ∈ ∆′(b)\∆′′(b), this together with
(4.12) shows that the estimates
‖(Xχj )
s(Xµi D
+
v )‖ ≤ Cs,Ps+1‖h‖G,s+1.(4.19)
holds if 1 ≤ s ≤ m− 1 for any Xχj with χ > 1 or χ ∈ ∆
′
b\∆
′′(b).
For any Xχj , χ ∈ ∆
′′(b) with χ < 1, since b is sufficiently to a, similar to
(4.9) we also have χsµ < 1 for any r0 ≤ s. Then we have
(Xχj )
s(Xµi D
−
v ) =
−∞∑
ℓ=−1
λ−(ℓ+1)(χsµ)−ℓπ1(x
ℓ
b,1)
(
π(yb,ℓ)(Zℓ)
sYℓvℓ
)
,
for r0 ≤ s ≤ m− 1, where Zℓ = Ad(y
−1
b,ℓ )(X
χ
j ) and Yℓ = Ad(y
−1
b,ℓ )(X
µ
i ).
Together with (4.12) it follows that
‖(Xχj )
s(Xµi D
−
v )‖ ≤ Cs,Ps+1‖h‖G,s+1.(4.20)
if r0 ≤ s ≤ m− 1 for any X
χ
j with χ ∈ ∆
′′(b) and χ < 1.
Above estimates and Theorem 3.2 imply that Xµi Dv ∈ H
m−2 of π with
estimates:
‖Xµi fv‖G,s ≤ Cs,P1,Ps+2‖h‖G,s+2.(4.21)
for any r0 ≤ s ≤ m− 2.
If µ < 1, by using the formD−v we see that (4.19) also holds if 1 ≤ s ≤ m−
1 for any Xχj with χ ∈ ∆
′′(b) and χ < 1 or χ ∈ ∆′(b)\∆′′(b). Furthermore,
by using the form D+v we see that (4.20) also holds if 1 ≤ s ≤ m− 1 for any
Xχj with χ ∈ ∆
′′(b) and χ > 1. Hence, (4.21) also follows for the case of
µ < 1.
Now we are ready to show the differentiability of fv in other directions of
g. Let Yj = pj(X
µl(1)
j(1) , · · · ,X
µl(i)
j(i) ), 1 ≤ j ≤ r(a) (see (4.6)). We note that
Y sj fv = Y
s−1
j pj(X
µl(1)
j(1) , · · · ,X
µl(i)
j(i) )fv,
and µl(k) 6= 1 for any 1 ≤ k ≤ i. Then by using (4.21) we obtain:
‖Y sj fv‖ ≤ Cs,P1,Ps+m0+1‖h‖G,s+m0+1(4.22)
for any 1 ≤ s ≤ m−m0 − 1.
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Using (4.16), (4.17) and (4.22) it follows from Theorem 3.1 of [9] that
fv ∈ H
m−m0−2 in π′; furthermore, Theorem 3.2 shows that
‖fv‖G′,s ≤ Cs,P1,··· ,Ps+m0+2‖h‖G,s+m0+2 + Cs‖fv‖.(4.23)
If 1 ≤ s ≤ m−m0 − 2.
Especially, let s = 1 we have
‖fv‖G′,1 ≤ CP1,··· ,Pm0+3‖h‖G,m0+3 + C‖fv‖.(4.24)
It it fairly clear what one has to do now. We show how to get the estimate
of ‖fv‖. By using (4.10) and (4.12) we have
‖fv‖
2 =
∣∣ +∞∑
j=0
λ−(j+1)π(bj)vj , fv〉
∣∣ ≤ +∞∑
j=0
∣∣〈π(bj)vj , fv〉∣∣
≤ CP1‖h‖G,1(‖fv‖+ ‖fv‖G′,1).
Together with (4.24) we get
‖fv‖ ≤ CP1,··· ,Pm0+3‖h‖G,m0+3.
Combined with (4.23), we obtain
‖fv‖G′,s ≤ Cs,P1,··· ,Ps+m0+2‖h‖G,s+m0+2 + Cs,P1,··· ,Pm0+3‖h‖G,m0+3
if 1 ≤ s ≤ m−m0 − 2. Hence we finish the proof.

We are now in a position to proceed with the proof of Theorem 2.2.
4.4. Proof of Theorem 2.2. Proof of (1). It clear that h ∈ H1 by
assumption. From (2) of Lemma 4.4 we see that
∑+∞
j=−∞ λ
−(j+1)π(aj)h is a
distribution in π. By using h = π(a)f − λf we have
+∞∑
j=−∞
λ−(j+1)π(aj)h =
+∞∑
j=−∞
λ−(j+1)π(aj)
(
π(a)f − λf
)
(1)
=
+∞∑
j=−∞
λ−(j+1)π(aj+1)f −
+∞∑
j=−∞
λ−jπ(aj)f
= 0,
where (1) follows from the fact that
∑+∞
j=−∞ λ
−(j+1)π(aj)f is also a distri-
bution in π. Then we finish the proof.
Proof of (2). The assumption that
∑+∞
j=−∞ λ
−(j+1)π(bj)h = 0 as a dis-
tribution in π implies that
∑+∞
j=−∞ λ
−(j+1)π(bj)h = 0 as a distribution in
π′ (since H∞(π) ⊂ H∞(π′)). Then the equation ρ(b)f − λf = h has two
distributional solutions
f = D
(+−)
h =
(
−
+
) ∑
( j≥0j≤−1)
λ−(j+1)π(bj)
18 COCYCLE RIGIDITY OF ABELIAN PARTIALLY HYPERBOLIC ACTIONS
in π′ by (2) of Lemma 4.4.
From (3) of Lemma 4.4 we see that f ∈ Hm−m0−3 of π′ with the following
estimates
‖f‖G′,m−m0−3 ≤ Cm‖h‖G,m.(4.25)
Next, we will show how to obtain differentiability along directions outside
g. For any Xµi , µ ∈ ∆
′′′(b) (see (4.5)), 1 ≤ i ≤ dim gµ and 1 ≤ s ≤ m− 1,
set Yj = Ad(y
−1
b,j )(X
µ
i ), j ∈ Z. From (4.12) we have
‖(Yj)
sh‖G,t ≤ C(1 + ǫ)
|j|(|j| + 1)s dimG‖h‖G,s+t.
all 0 ≤ s+ t ≤ m− 1.
From (2) of Lemma 4.4 we see that
(Xµi )
sf = −
∞∑
j=0
λ−1(λµs)−jπ1(b
j)((Yj)
sh) =
−∞∑
j=−1
λ−1(λµs)−jπ1(b
j)((Yj)
sh)
are distributions in π′ for any 0 ≤ s ≤ m − 2 if µ is sufficiently close to 1,
i.e., b is sufficiently close to a. Furthermore, (3) of Lemma 4.4 implies that
(Xµi )
sf ∈ H with the estimate
‖(Xµi )
sf‖ ≤ Ca,s‖h‖s+m0+3.
for any s ≤ m−m0 − 3.
This together with (4.25) imply that f ∈ Hm−m0−3 with the estimate
‖f‖G,m−m0−3 ≤ Ca,m‖h‖m
from Theorem 3.2. Hence we finish the proof.
Proof of (3). We just need to show that if D(h) = 0 for any (ρ(a) −
λI)-invariant distribution D ∈ H−1, then
∑+∞
j=−∞ λ
−(j+1)π(aj)h = 0 as a
distribution. Note that for any f ∈ H∞, Df :=
∑+∞
j=−∞ λ¯
−(j+1)π(a−j)f ∈
H−1 by (2) of Lemma 4.4. Furthermore, for any g ∈ H1
+∞∑
j=−∞
〈
π(a)g − λg, λ¯−(j+1)π(a−j)f
〉
=
+∞∑
j=−∞
〈
λ−(j+1)π(aj+1)g − λ−jπ(aj)g, f
〉
= 0.
This shows that Df ∈ H
−1 is (ρ(a) − λI)-invariant. On the other hand, if
Df (h) = 0 for any f ∈ H
∞, then
0 =
+∞∑
j=−∞
〈
h, λ¯−(j+1)π(a−j)f
〉
=
+∞∑
j=−∞
〈
λ−(j+1)π(a−(j+1))h, f
〉
.
This shows that
∑+∞
j=−∞ λ
−(j+1)π(aj)h = 0 as a distribution. This proves
the result.
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4.5. Cohomological equation for partially hyperbolic flow. Recall
that for a C1 cocycle β, if A = Rk the infinitesimal generator of β is defined
by
ϑ(ν, β) =
d
dt
β(exp tν)
∣∣
t=0
(4.26)
The cocycle identity and commutativity of A imply that ϑ is a closed 1-form
on the A-orbits in X. We can also recover β from ϑ by
β(expX) =
∫ 1
0
ϑ(X,β) · exp tXdt
Thus, if A = Rk we can restrict our attention to infinitesimal version of the
cohomology equation ϑ = η−dH, where η is another infinitesimal generator
of a smooth cocycle and H is the transfer function. Therefore a cocycle β
is cohomologous to a constant cocycle if the associated 1-form ϑ is exact
and the problem of finding which cocycle is cohomologous to a trivial one
boils down to the problem of determining which closed 1-form on the orbit
foliation is exact. In fact, this point of view is the most useful for our
purposes.
For the cohomological equation vf = h where v ∈ G is a partially hy-
perbolic element, i.e., the spectrum of Ad(exp(tv)) on G is not contained in
U(1), we get results similar to the discrete-action cases.
Corollary 4.6. Suppose (π, H) is a unitary representation of G such that
the restriction of π to any simple factor of G is isolated from the trivial
representation (in the Fell topology) if G = G; or π contains no non-trivial
V -fixed vectors if G = G⋉ρ V . If v ∈ G is partially hyperbolic, then:
(1) if f ∈ H1 is a solution of the equation: vf = h, then∫ ∞
−∞
π(exp(tv))hdt = 0
as a distribution.
(2) there exist constants m0 > σ > 1 (only depending on G) such that
for any m ≥ m0, exist δ(m) > 0, such that for any u ∈ G with
‖v − u‖ < δ, if h ∈ Hm satisfying
∫∞
−∞ π(exp(tu))hdt = 0 as a
distribution, then the equation uf = h have a solution f ∈ Hm−σ
and the following estimate holds
‖f‖m−σ ≤ Cm‖h‖m.
(3) if h ∈ H∞ and D(h) = 0 for any v-invariant distribution D ∈ H−1,
then the cohomological equation vf = h, has a solution f ∈ H∞.
Proof. If G = G, for any u ∈ G, it has the Iwasawa decomposition
u = ku + xu + nu
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for 3 commuting elements, where ku is compact, xu is in a R-split Cartan
algebra, nu is nilpotent.
For partially hyperbolic u, xu is non-trivial. If G = G⋉ρV for any u ∈ G,
we have the decomposition u = gu + vu, where gu ∈ Lie(G) and vu ∈ V . For
partially hyperbolic u, xgu is non-trivial.
For partially hyperbolic u, similar to (4.4) we consider the eigenspace
decomposition of G for Ad(exp(xu)) or Ad(exp(xgu)):
G =
∑
µ∈∆(u)
gµ.
If G = G⋉ρV , for u = gu+vu, we have a decomposition of vu =
∑
µ∈∆(a) vu,µ,
where vu,µ ∈ gµ
⋂
V . Set u =
∑
16=µ∈∆(u) vu,µ. We note that dρ(gu) re-
stricted on the subspace W =
∑
16=µ∈∆(a) gµ
⋂
V is invertible. Set v =
(dρ(gu))
−1(
∑
16=µ∈∆(u) vu,µ). By using (2.5) we get
v exp(u)v−1 =
(
gu, vu,1
)
.
Hence we can just assume that vu ∈ g1. Then we can write
u = xu + (ku + nu + vu)
as 2 commuting elements. Set yu = ku + nu if G = G or yu = ku + nu + vu if
G = G⋉ρ V . Then we have
exp(tu) = exp(txu) · exp(tyu), ∀t ∈ R.
We note that the formal solutions to the equation uf = h are:
f(
+
−) =
(
−
+
)∫
(t≥0t≤0)
π(exp(tu))hdt.
Then we can follow the proof scheme of Lemma 4.4 and Theorem 2.2 to
obtain the results.

5. Twisted cocycle rigidity
5.1. Higher rank trick and trivialization of cohomology. Now we
will show that in the higher rank case obstructions to solving the cocycle
equation:
π(a1)f − λ1f = π(b1)h− λ2h(5.1)
vanish. Here we assume that λ1, λ2 ∈ U(1) and a1 and b1 are commut-
ing partially hyperbolic elements. The reason for that is the commutation
relation (5.1) means that the pair f, h form a twisted cocycle over the ho-
mogeneous action generated by a1 and b1. Joint solvability of the cocycle
equations for commuting elements means that this cocycles is a coboundary,
hence corresponding twisted first cohomology is trivial. The key ingredient
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in the proof is the “higher rank trick” that proves vanishing of the obstruc-
tions in both equations:
π(a1)p− λ1p = h
π(b1)p− λ2p = f
if the pair pair f, h satisfy condition (5.1). It appears in virtually identical
form in all proofs of cocycle and differentiable rigidity for actions of higher
rank abelian groups that use some form of dual, i.e. harmonic analysis
arguments. For its earliest appearance see Lemmas 4.3, 4.6 and 4.7 in [18].
Recall notations in Section 4.1.
Lemma 5.1. If ab = ba in G, then:
(1) if G = G, then ambj = xma x
j
bk
m
a n
m
a k
j
bn
j
b, for any m, j ∈ Z.
(2) if G = G ⋉ρ V and va is in the 1-weight space for Ad(xga), then vb
is also in the 1-weight space for Ad(xgb); and
ambj = xmgax
j
gb
(kganga, va)
m(kgbngb, vb)
n, ∀m, j ∈ Z.
(3) suppose xa and xb (resp. xga and xgb) are linear independent and
λ1, λ2 ∈ U(1). Also suppose h = {hn,j}, n, j ∈ Z is a sequence in
H1(π) satisfying ‖hn,j‖G,1 ≤ P (|j|, |n|), where P a polynomial, then
∞∑
n=−∞
∞∑
j=−∞
λ
−(j+1)
1 λ
−(n+1)
2 π(b
naj)hn,j(5.2)
is a distribution
Proof. Proof of (1): Let c stand for a or b. The adjoint map Ad(c) de-
composes as
Ad(c) = Ad(kc)Ad(xc)Ad(nc),
where Ad(kc) is compact, Ad(xc) is in a R-semisimple, Ad(nc) is unipotent.
We claim that Ad(xa) commute with Ad(kb), Ad(xb) and Ad(nb). Indeed,
we can consider the decomposition of G into generalized eigenspaces for the
action of Ad(a). By assumption Ad(xa) is a scalar multiple of identity on
each generalized eigenspace of Ad(a). Since b commutes with a, Ad(xb)
preserves each generalized eigenspace of Ad(a) and acts by a scalar multiple
in each, which implies the claim.
It is clear that xanb = nbxa, xaxb = xbxa and xakb = kbxaz, where
z ∈ Z(G), the center of G. Their exists l ∈ N such that kbx
l
ak
−1
b = x
l
a by
noting that Z(G) is finite. This shows that Ad(kb) log xa = log xa. Then it
follows that xa and kb commute. Then we finish the proof.
Proof of (2): By Proposition 4.4 of [28] there is s ∈ G such that
scs−1 = (gc, v
′
c), c = a, or b
where v′c is in the 1-weight spaces both for Ad(xga) and Ad(xgb). This and
previous result imply the conclusion immediately.
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Proof of (3): If G = G it follows from (1) that
d(bnaj, e) ≥ C
∑
µ∈∆(bnaj)
|log µ|, ∀j, n ∈ Z.
For any j, n ∈ Z we note that∑
µ∈∆(bnaj)
|log µ| =
∑
µl∈∆(a),
λl∈∆(b)
|j log µl + n log λl|
where µl and λl are eigenvalues of Ad(xa) and Ad(xb) on G respectively for
the same eigenvectors. Write∑
µl∈∆(a),
λl∈∆(b)
|j log µl + n log λl| = (|j|+ |n|)
∑
µl∈∆(a),
λl∈∆(b)
|j1 log µl + j2 log λl|
where j1 =
j
|j|+|n| and j2 =
n
|j|+|n| .
Since xa and xb are linearly independent elements,
c0 = min
|r1|+|r2|=1
(r1,r2)∈R2
∑
µl∈∆(a),
λl∈∆(b)
1
2
|r1 log µl + r2 log λl| > 0.
Hence we have
d(bnaj, e) ≥ Cc0(|j|+ |n|).
If G = G, for any u ∈ H∞ by Theorem 3.6, we have
∞∑
n=−∞
∞∑
j=−∞
∣∣〈λ−(j+1)1 λ−(n+1)2 π(bnaj)hn,j , u〉∣∣
=
∞∑
n=−∞
∞∑
j=−∞
|〈π(bnaj)hn,j, u〉|
≤
∞∑
n=−∞
∞∑
j=−∞
C‖hn,j‖1‖u‖1e
−γc0(|n|+|j|)
≤
∞∑
n=−∞
∞∑
j=−∞
CP (|j|, |n|)‖u‖1e
−γc0(|n|+|j|) <∞,
where γ is a constant only dependent on G. This shows that (5.3) is a
distribution.
If G = G⋉ρ V , denote by yc = (kgcngc , vc); and for simplicity, denote xgc
by xc, where c stands for a or b. By arguments at the beginning of the proof
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of Lemma 4.4 and Theorem 3.6 for any u ∈ H∞ we have
|〈π(bnaj)h, u〉|
(1)
=
∣∣〈π(xnb xja)(π(ynb yja)hn,j), u〉∣∣
≤ C
(
‖π(ynb y
j
a)hn,j‖‖u‖ + ‖u‖‖π(y
n
b y
j
a)hn,j‖1
+ ‖π(ynb y
j
a)hn,j‖‖u‖1 + ‖u‖1‖π(y
n
b y
j
a)hn,j‖1
)
e−γ1d(x
n
b x
j
a,e)
= C
(
‖hn,j‖‖u‖ + ‖u‖‖π(y
n
b y
j
a)hn,j‖1
+ ‖h‖‖u‖1 + ‖u‖1‖π(y
n
b y
j
a)hn,j‖1
)
e−γd(x
n
b x
j
a,e),
where γ is a constant only dependent on G. Here in (1) we used (2) of
Lemma 5.1.
By using (2.5) it follows that for any Y ∈ G we have
‖Ad(ynb y
j
a)Y ‖ ≤ C(|j|+ 1)
dimG(|n|+ 1)dimG‖Y ‖, ∀j ∈ Z.
Also note that for any Y ∈ G
Y π(ynb y
j
a)hn,j = π(y
n
b y
j
a)
(
Ad(y−ja y
−n
b )Y
)
hn,j.
Hence we get
‖π(ynb y
j
a)hn,j‖1 ≤ C(|j|+ 1)
dimG(|n|+ 1)dimG‖hn,j‖1.
Then the estimate for |〈π(aj)v, u〉| follows directly from (4.10), (4.11) and
(4.14).
By arguments similar to the case of G = G, there is c > 0 such that
d(xnb x
j
a, e) ≥ c(|j| + |n|).
Then it follows that for any n, j ∈ Z
|〈π(bnaj)h, u〉| ≤ C(|j|+ 1)dimG(|n|+ 1)dimG
(
‖hn,j‖‖u‖ + ‖u‖‖hn,j‖1
+ ‖hn,j‖‖u‖1 + ‖u‖1‖h‖1
)
e−cγ(|j|+|n|)
≤ C(|j|+ 1)dimG(|n|+ 1)dimGP (|j|, |n|)‖u‖1e
−cγ(|j|+|n|)
The above estimates imply that (5.3) is a distribution. Hence we finish the
proof.

To prove Theorem 2.3, we also need the following result:
Fact 5.2. If b ∈ G is partially hyperbolic and λ ∈ U(1) and the equation
π(b)f − λf = 0 has a solution f ∈ H1(π) then f = 0.
Proof. Since π(bj)f = λjf for any j ∈ Z, by using estimates obtained in (1)
of Lemma 4.4, for any u ∈ H1(π) we get
〈f, u〉 = lim
j→∞
〈λ−jπ(bj)f, u〉 = 0
Then f = 0 follows immediately. 
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5.2. Proof of Theorem 2.3. From the equation (5.1) we get
j=n∑
j=−n
λ
−(j+1)
1 π(b1a
j
1)h−
j=n∑
j=−n
λ2λ
−(j+1)
1 π(a
j
1)h
= λ
−(n+1)
1 π(a
n+1
1 )f − λ
n
1π(a
−n
1 )f.
By (1) of Lemma 4.4, the right-hand converges to 0 as a distribution (in π)
when n→∞. Hence we see that
λ−12
+∞∑
j=−∞
λ
−(j+1)
1 π(b1a
j
1)h =
+∞∑
j=−∞
λ
−(j+1)
1 π(a
j
1)h(5.3)
as distributions. This shows that
λ−k2
+∞∑
j=−∞
λ
−(j+1)
1 π(b
k
1a
j
1)h =
+∞∑
j=−∞
λ
−(j+1)
1 π(a
j
1)h
as distributions for any k ∈ Z.
On the other hand, by iterating equation (5.3) we obtain:
+∞∑
n=−∞
+∞∑
j=−∞
λ
−(n+1)
2 λ
−(j+1)
1 π(b
n
1a
j
1)h =
+∞∑
n=−∞
λ−12
+∞∑
j=−∞
λ−n2 λ
−(j+1)
1 π(b
n
1a
j
1)h
=
+∞∑
n=−∞
λ−12
+∞∑
j=−∞
λ
−(j+1)
1 π(a
j
1)h
Since the series in the left hand side of above equation is a distribution by
(3) of Lemma 5.1, it forces
∑+∞
j=−∞ λ
−(j+1)
1 π(a
j
1)h to be a 0 distribution.
This is the “higher rank trick”!
By (2) of Theorem 2.2 each equation of
π(a1)p− λ1p = h
π(b1)p− λ2p = f(5.4)
has a Hm−σ solution. Moreover, we will show that they coincide. In the
following proof, to simply notation, for any g ∈ G and λ ∈ C, we define the
linear operator F (g, λ) on H:
F (g, λ)v = π(g)v − λv, ∀ v ∈ H.
If p solves the first equation, i.e. F (a1, λ1)p = h then by equation (5.1) we
have
F (b1, λ2) ◦ F (a1, λ1)p = F (b1, λ2)h = F (a1, λ1)f
Since operators F (a1, λ1) and F (b1, λ2) commute this implies
F (a1, λ1)
(
F (b1, λ2)p − f
)
= 0
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By Fact 5.2 F (b1, λ2)p = f by noting that p ∈ H
1, which is implied by
assumption m ≥ m0 + σ and m0 > 1. Therefore π(b1)p − λ2p = f i.e., p
solves the second equation as well.
5.3. Cocycle rigidity for partially hyperbolic flow. Similar to Fact
5.2, we have the following result for partially hyperbolic flow:
Fact 5.3. If X ∈ G is partially hyperbolic and the equation Xf = 0 has a
solution f ∈ H1(π) then f = 0.
Proof. The assumptionXf = 0 implies that f is invariant under π(exp(tX)),
i.e., π(exp(tX))f = f for any t ∈ R. Then the result follows directly from
Fact 5.2 immediately. 
Then by arguments in the proof of Corollary 4.6, we can follow the proof
line of Lemma 5.1 and Theorem 2.3 to obtain the cocycle rigidity for R2
partially hyperbolic actions.
Suppose X, Y ∈ G are commuting partially hyperbolic and linearly inde-
pendent and m0, σ as in Theorem 2.2.
Corollary 5.4. Suppose (π, H) is a unitary representation of G such that
the restriction of π to any simple factor of G is isolated from the trivial
representation if G = G; or π contains no non-trivial V -fixed vectors if
G = G ⋉ρ V . For any m ≥ m0 + σ, exist δ(m) > 0, such that for any
X1, Y1 ∈ G with ‖X −X1‖+ ‖Y − Y1‖ < δ and X1Y1 = Y1X1, if f, h ∈ H
m
and satisfy the cocycle equation
X1f = Y1h,
then the equations
Y1p = f, X1p = h
have a common solution p ∈ Hm−σ satisfying the Sobolev estimate
‖p‖m−σ ≤ Cm,X,Y max{‖h‖m, ‖f‖m}.
6. Application to algebraic partially hyperbolic actions
Recall that G denotes a real semisimple connected Lie group of R-rank
≥ 2 without compact factors and with finite center and Γ a torsion free
irreducible lattice in G.
Definition 6.1. Coarse Lyapunov distributions are defined as minimal non-
trivial intersections of stable distributions of various action elements.
In the setting of present paper those are homogeneous distributions or
their perturbations, that integrate to homogeneous foliations called coarse
Lyapunov foliations; see [4, Section 2] and [14] for detailed discussion in
greater generality.
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6.1. Symmetric space examples. For any abelian set A ⊂ G there exists
a R-split Cartan subgroup A0 such that xa ∈ A0 (see (4.3)) for any a ∈ A
(see Proposition 4.2 of [28]). Set A′ = {xa, a ∈ A}. Then A
′ is a subgroup
of A0. We consider the decomposition of g with respect to the adjoint
representation of A′ and the resulting root system ∆A is called the restricted
root system with respect to A. Then we get the decomposition of the Lie
algebra g of G:
g = g0 +
∑
µ∈∆A
gµ(6.1)
where gµ is the root space of µ and g0 is the Lie algebra of the centralizer
CG(p(A)) of A
′.
Elements of {a ∈ A : xa /∈
⋃
φ∈∆A
ker(φ)} are regular elements for αA.
Connected components of the set of regular elements areWeyl chambers. For
any µ ∈ ∆A let g
(µ) =
∑
k>0 gkµ and U[µ] be the corresponding subgroup
of G. Then these subalgebra g(µ) form coarse Lyapunov distributions and
(double) cosets of these subgroups U[µ] form coarse Lyapunov foliations of
αA, which coincide with those of αp(A) (see Proposition 4.2 of [28]).
If A′ = A0, the left translations of A on G/Γ is sometimes referred to as
full Cartan action (see [18]). If the coarse Lyapunov foliations of αA coincide
with those of αA0 , then A
′ is in a generic position (see [4]) and the action of
A on G/Γ is called a generic restriction.
Remark 6.2. If A′ = A0, i.e., ∆A is the standard root system. Calling ∆A
a restricted root system is somewhat abusive. Indeed, ∆A does not carry
the usual structures of a (reduced) root system, such as a canonical inner
product and associated Weyl group. For more details, see Section 1.1 of [28].
6.2. Twisted symmetric space examples. Let ρ : Γ → SL(N,Z) be
a representation of Γ which admits no invariant subspace on which Γ acts
trivially. We also assume that the Zariski closure of ρ(Γ) has no compact
factors.
Then Γ acts on the N -torus TN via ρ and hence on G× TN via
γ(g, t) = (gγ−1, ρ(γ)t).
Let M = G × TN/Γ be the quotient of this action. A acts on the product
G×TN given by a(g, t) = (ag, t) and since, the action of A and Γ commute
it induces an action of A on M , which is the suspension of Γ-action on TN .
We can assume G has the following property: every Lie algebra homo-
morphism g → sl(N,R) is the derivative of a Lie group homomorphism
G→ SL(N,R). Otherwise we pass to some finite cover of G.
By Margulis’ superrigidity theorem [23], semisimplicity of the algebraic
hull H of ρ(Γ) and the non-compactness of ρ(Γ) the representation ρ of Γ
extends to a rational homomorphism G → Had over R where Had is the
adjoint group of H. Note that ρ(Γ) has finite center Z (which follows, eg,
from Margulis’ finiteness theorem [23]), then G acts on the orbifold RN/Z
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via ρ, which can be lifted to a representation of G on RN , which we denote
by ρˆ. Then ρ(γ)ρˆ(γ)−1 ∈ Z for any γ ∈ Γ. Then, by passing to a finite index
subgroup Γ1 of Γ, we get ρ(γ) = ρˆ(γ) for any γ ∈ Γ1. Then G × T
N/Γ1
is a finite cover of M . For simplicity, we still use ρ to denote the lifted
representation of G on RN .
We can build the associated semi-direct product Gρ = G ⋉ρ R
N . The
multiplication of elements in Gρ is given by (2.4), which shows that G ×
T
N/Γ1 = Gρ/Γ1 ⋉ Z
N . The A action on G × TN/Γ1 is isomorphic to the
action of A as a homogeneous flow on Gρ/Γ1⋉Z
N . We can view G×TN/Γ1
as a torus bundle over G/Γ1.
Remark 6.3. Firstly, if the Zariski closure of ρ(Γ) has compact factors, we
can pass to a suspension space (see [29]).
Secondly, passing to finite covers of the homogeneous actions will not
affect the local rigidity results. Indeed, the constriction of the transfer map
relies on vanishing of the obstructions (see Section 6.6). If the obstructions
vanishes on a finite cover, then it also vanishes on the original space (see
Lemma 6.9). This allows us to assume that Γ1 = Γ. We denote by Γρ =
Γ⋉ ZN .
For any abelian set A ⊂ Gρ and set A
′ = {xga : a ∈ A} (see below (2.4)),
there exists an element s ∈ Gρ such that the coarse Lyapunov distributions
for the action of αsAs−1 is the same as those for αA′ (see Proposition 4.4 of
[28]). Let ΦA denote the restricted weights of G with respect to A
′. Then
the Lie algebra gρ of Gρ decomposes
gρ = g0 +
∑
r∈∆A
gr +
∑
µ∈ΦA
eµ
where eµ is the weight space of µ and g0 is the Lie algebra of the centralizer
CGρ(A
′) of A′ in gρ.
Note that if A′ = A0, ΦA is the standard weights. For any r ∈ ∆A ∪
ΦA let g
(r) =
∑
k∈R+
(gkr + ekr) and U[r] be the corresponding subgroup
of Gρ. Note that r or µ may appear in the set of both restricted roots
and weights. These subalgebra g(r) form coarse Lyapunov distributions and
(double) cosets of these subgroups U[r] form coarse Lyapunov foliations of
αA, which coincide with those of αA′ (see Proposition 4.2 of [28]).
Elements of {a ∈ A : xga /∈
⋃
φ∈∆A∪ΦA\{0}
ker(φ)} are regular for αA
and connected components of the set of regular elements Weyl chambers. If
A = A0, the left translations of A on Gρ/Γρ is sometimes referred to as full
Cartan action.
Similarly to the symmetric space setting we will consider actions of higher
rank subgroups of A by left translations on double coset space L\Gρ/Γρ
where L is a compact subgroup commuting with A.
6.3. Higher rank restrictions and standard perturbations. Let X be
a double coset space L\G/Γ as in symmetric space examples or L\Gρ/Γρ
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as in twisted symmetric space examples; and let X¯ be a coset space G/Γ
as in symmetric space examples or Gρ/Γρ as in twisted symmetric space
examples. We consider the action αA on both X and X¯.
Since A is the image of an embedding i0 : Z
k×Rℓ → A, one can naturally
consider the action αi0 of A = Z
k × Rl on X (or on X¯) given by
αi0(a, x) = i0(a) · x(6.2)
Then we will say that A action αi0 generates A action αA since αi0 is αA
with a fixed system of coordinates. Note that A can be obtained as the
image of different embeddings; corresponding actions of A differ by a time
change. It is immediately obvious that if αi0 is cocycle rigid then the same
is true for any time change obtained by an automorphism of A; hence the
notion of cocycle rigidity for αA depends only on the subgroup A.
Definition 6.4. αA is called a higher-rank partially action, if the set of
coarse Lyapunov distributions of αA is not generated by a rank-one sub-
group.
It is clear that if αA is higher-rank, then we can choose regular elements a
and b of A such that xa and xb (resp. xga and xgb) are linearly independent.
a and b will be referred to as regular generators.
Let L be the Lie algebra of the group L. Let N and N denote the neutral
distributions of αA on X and on X¯ respectively (neutral distribution is the
subspace spanned by Lyapunov distributions with 0 Lyapunov exponents).
Then:
• For the symmetric space examples N is L\N where N = g0;
• for the twisted symmetric space examples N is L\N where N =
g0 + e0.
Remark 6.5. Notice that the neutral distribution for αA coincides with the
homogeneous distribution into cosets of the centralizer of A, or its factor by
L in the case of actions on double coset spaces.
6.4. Exponential matrix coefficients decay on homogeneous space.
Here we review some relevant facts concerning the preservation of spectral
gaps when restricting to the subgroups in the example we consider.
Theorem 6.6. Let S = S1 × · · · × Sk be a product of noncompact simple
Lie groups with finite center, Γ an irreducible lattice in S, and let ρ0 stand
for the regular representation of S on the subspace of L2(S/Γ) orthogonal to
constant functions. Then the restriction of ρ0 to any simple factor of S is
isolated (in the Fell topology) from the trivial representation.
If k = 1 and the rank of S is at least 2 then S has property T and the
result follows directly from [2]. If k = 1 and the rank of S is 1, the spectral
gap is already known. If k ≥ 2, in the case of nonuniform Γ, this was proved
by Kleinbock and Margulis and appeared as Theorem 1.12 in [22]. L. Clozel
[1] extended this result to congruence lattices discussed in [1]. By Margulis
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[23], Γ is arithmetic and hence is commensurable with a congruence lattice
of the type in [1], the result holds for all lattices.
We assume notations in Section 3.1 for the regular representation (π,H)
of G or Gρ, where H = L
2(G/Γ) or L2(Gρ/Γρ) correspondingly. It is clear
that given any a ∈ G (resp. a ∈ Gρ)
(π(a)f)(x) = f(a−1x), ∀x ∈ X, f ∈ H.
For simplicity, we denote π(a)f by f(a−1) or by f ◦a−1. SetH0 to be vectors
in H orthogonal to constants. The following result is essential for later part:
Corollary 6.7. There exist constants γ,E > 0, dependent only on G, Γ
and ρ such that if h, f ∈ H1, i = 1, 2 orthogonal to the constants in H then
for any a ∈ G:
|〈h(a), f〉| ≤ E(‖h‖‖f‖ + ‖h‖1‖f‖
+ ‖f‖1‖h‖+ ‖h‖1‖f‖1)e
−γdist(e,a)(6.3)
where 〈·, ·〉 denotes the inner product in H with respect to the Haar measure.
Proof. Let G′ denote the direct product of simple factors of G and let p be
the projection of G′ to G. Then G′/p−1(Γ) is isomorphic to G/Γ. Since
G has finite center then p−1(Γ) is also an irreducible lattice. This implies
that (6.3) follows directly from Theorem 6.6 and Theorem 3.6 for vectors in
H = L2(G/Γ) orthogonal to constants.
For H = L2(Gρ/Γρ), we note that Gρ/Γρ can be viewed as a torus bundle
over G/Γ. Set V = {f(g, t) ∈ H0 : f(g, t) =
∫
TN f(g, t)dt}. Then it is clear
that V is the set of RN -invariant vectors in H0. For any u ∈ H0, write
u(g, t) = u(g, t) −
∫
TN
u(g, t)dt︸ ︷︷ ︸
uo(g,t)
+
∫
TN
u(g, t)dt︸ ︷︷ ︸
u1(g)
.(6.4)
Then f0 ∈ V ⊥ and f1 ∈ V . Note that both V ⊥ and V are closed and
invariant under Gρ. Hence we get a direct decomposition of H0 invariant
under G⋉RN . Then we have
〈h(a), f〉 = 〈ho(a), f o〉+ 〈h1(a), f1〉.
It follows from Theorem 1.2 of [32] that the restriction of π to any simple
factor of G is isolated from the trivial representation. Then Theorem 3.6
implies that
|〈ho(a), f o〉| ≤ E1(‖h
o‖‖f o‖+ ‖ho‖1‖f
o‖
+ ‖f o‖1‖h
o‖+ ‖ho‖1‖f
o‖1)e
−γ1dist(e,a)
≤ E1(‖h‖‖f‖ + ‖h‖1‖f‖
+ ‖f‖1‖h‖+ ‖h‖1‖f‖1)e
−γ1dist(e,a),(6.5)
where γ1, E1 > 0, dependent only on G and X¯.
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Note that f1, h1 can be viewed as functions in L2(G/Γ) orthogonal to
constants. The arguments at the beginning of the proof show that
|〈h1(a), f1〉| ≤ E1(‖h
1‖‖f1‖+ ‖h1‖1‖f
1‖
+ ‖f1‖1‖h
1‖+ ‖h1‖1‖f
1‖1)e
−γ2dist(e,a)
≤ E2(‖h‖‖f‖ + ‖h‖1‖f‖
+ ‖f‖1‖h‖ + ‖h‖1‖f‖1)e
−γ2dist(e,a),(6.6)
where γ2, E2 > 0, dependent only on G and X.
Hence (6.3) follows from (6.5) and (6.6) immediately. 
Remark 6.8. Corollary 6.7 shows that for the restricted regular represen-
tation (π,H0) of G or Gρ, its restriction to any simple factor of G is isolated
from the trivial representation.
6.5. Hs and Hs0 space on X. Fix a basis {Yi}1≤i≤q of L\g or L\gρ. Let
HmX to be the subspace of L
2(X) such that f and Y ji (f), 1 ≤ j ≤ m exist as
L2 functions for 1 ≤ i ≤ q. Define
‖f‖m
def
= (
q∑
i=1
m∑
j=1
‖Y ji f‖
2
0 + ‖f‖
2
0)
1/2.
Let Hr0,X
def
= {f ∈ HrX |
∫
X f = 0}. We use subscripts to emphasize that the
spaces HmX and H
r
0,X are different from the Hilbert spaces H
m and Hr0 for
the regular representation π.
6.6. Twisted cohomological stability for homogeneous space. For a
map F with coordinate functions fi, 1 ≤ i ≤ n0 and −∞ ≤ s ≤ ∞, we write
F ∈ HsX if fi ∈ H
s
X , 1 ≤ i ≤ n0; and define ‖F‖s = max1≤i≤n0‖fi‖s.
F ∈ Hs0,X is defined similarly. For two maps F , G define ‖F ,G‖s =
max{‖F‖s, ‖G‖s}. Write
∫
X F = (
∫
X f1dµ, · · · ,
∫
X fn0dµ) where µ is the
Haar measure.
In this part, we show the solvability condition for the existence of a so-
lution to equation (6.7). This argument is essentially the reduction of the
vector values equation (6.7) and solvability condition in (2) to scalar equa-
tions. After showing the vanishing of obstructions, the tame estimates for
the solution of equation (6.7) follow from Theorem 2.2.
We use G to denote G or Gρ. For any partially hyperbolic element z ∈ G,
we use Nz to denote the neutral distribution of Ad(z).
Lemma 6.9. For any partially hyperbolic element z ∈ G:
(1) If F : X → Nz and F ∈ H
1
0,X , then
Λ(+−)
=
(
−
+
) ∑
( j≥0j≤−1)
Ad(z)−(j+1)(F ◦ zj)
are distributions.
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(2) There exist constants m1 > σ1 > 1 (only depending on G) such that
for any l ≥ m1, if F : X → Nz, F ∈ H
l
0,X and
+∞∑
j=−∞
Ad(z)−(j+1)(F ◦ zj) = 0
as a distribution, then the equation
Λ ◦ z −Ad(z)Λ = F(6.7)
have a solution Λ ∈ Hl−σ10,X with estimates
‖Λ‖l−σ1 ≤ Cl,z‖F‖l.
(3) If F : X → Nz and the equation Λ ◦ z −Ad(z)Λ = F has a solution
Λ ∈ H10,X , then Λ is unique.
(4) There exist constants m1 > σ1 > 1 (only depending on G) such that
for any l ≥ m1, there exists δ(l) > 0, such that for any b ∈ G with
d(z, b) < δ, if F : X → Nz with Ad(b) neutral and invariant on Nz
and F ∈ Hl0,X satisfying
+∞∑
j=−∞
Ad(b)−(j+1)(F ◦ zj) = 0
as a distribution, then the equation
Λ ◦ b−Ad(b)Λ = F(6.8)
has a solution Λ ∈ Hl−σ10,X and the following estimate holds for Λ:
‖Λ‖l−σ1 ≤ Cl,z‖F‖l.
Proof. Lift F from X to X¯, which we denote by F˜ . Then F˜ ∈ Hl0 if
F ∈ Hl0,X for any l.
(1): It is clear that if we can show Λ(+−)
are distributions for F˜ , then Λ(+−)
are also distributions for F . Let (ai,jn ) denote the matrix of Ad(z)n on Nz.
Since the eigenvalues of Ad(z) |Nz are all in U(1), we have
‖(ai,jn )‖ ≤ Cz(|n|+ 1)
dimNz , ∀n ∈ Z.(6.9)
Denote by Λi− and Λ
i
+ the i-th coordinates of Λ− and Λ+ respectively. We
have
Λi
(+−)
=
(
−
+
) ∑
( j≥0j≤−1)
dimNz∑
k=1
ai,k−(j+1)fk ◦ z
j
Then the conclusion follows directly from (2) of Lemma 4.4.
(2): If we can show the solution of lifted equation 6.7 on X¯ is left-L invariant
with appropriate estimates (which is obvious from the expression of Λ(+−)
32 COCYCLE RIGIDITY OF ABELIAN PARTIALLY HYPERBOLIC ACTIONS
since F˜ is left L invariant ) then it descends to a map in H0,X on X, which
implies equation 6.7 has a solution on X with desired estimates.
Let NC be the complexification of the subalgebra Nz. There exists a basis
in NC such that in the basis Ad(z) |Nz has its Jordan normal form. As usual,
this basis may be chosen to consists of several real vectors and several pairs
of complex conjugate vectors. Let J = (qi,j) be an m × m matrix which
consists of blocks of Ad(z) |Nz corresponding to the eigenvalue λ; i.e., let
qi,i = λ for all 1 ≤ i ≤ m and qi,i+1 = 0 for all 1 ≤ i ≤ m − 1 or qi,i+1 = 1
for all 1 ≤ i ≤ m− 1.
For any such block J the equation (6.7) has the form:
Λ ◦ z − JΛ = Θ(6.10)
and solvability condition splits as
+∞∑
j=−∞
J−(j+1)Θ ◦ zj = 0(6.11)
in this block.
(1) The semisimple case. Assume that J is diagonalizable, i.e., qi,i+1 = 0
for all 1 ≤ i ≤ m− 1. Then equations (6.10) and condition (6.11) split into
finitely many equations of the form
ω ◦ z − λω = ϕ(6.12)
and
+∞∑
j=−∞
λ−(j+1)ϕ ◦ zj = 0(6.13)
where ϕ is a Hl0 function and λ ∈ U(1) is the corresponding eigenvalue of
Ad(z) |Nz . Then the conclusion follows directly from Theorem 2.2.
(2) The non-semisimple case. Assume that qi,i+1 = 1 for all 1 ≤ i ≤ m−1.
We will show that the formal solutions
Λ(+−)
=
(
−
+
) ∑
( j≥0j≤−1)
J−(j+1)Θ ◦ zj(6.14)
are in fact Hl−2r−20 solutions. Let the coordinate functions of Θ be ϑi,
1 ≤ i ≤ m. The m-th equation of (6.10) becomes:
ωm ◦ z − λωm = ϑm(6.15)
and the condition (6.11) splits as
+∞∑
j=−∞
λ−(j+1)ϑm ◦ z
j = 0.
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Then the existence of a solution follows from Theorem 2.2. Moreover, the
estimate:
‖ωm‖l−σ ≤ Cl‖ϑm‖l ≤ Cl‖Θ‖m
holds.
Now we proceed by induction. Fix i between 1 andm−1 and assume that
for all 1 ≤ k ≤ m− i, we have obtained a solution ωi+k with the appropriate
estimate, i.e., for every 1 ≤ k ≤ m − i we have a H
l−(m−i−k+1)σ
0 function
ωk+i which solves the k + i-th equation:
ωk+i ◦ z − λωk+i = ϑk+i + ωk+i+1
and that the following estimates
‖ωk+i‖l−(m−i−k+1)σ ≤ Cl‖ϑk+i + ωk+i+1‖l−(m−i−k)σ ≤ Cl‖Θ‖l
hold every 1 ≤ k ≤ m− i.
We wish to find ωi that solves the i-th equation of (6.10):
ωi ◦ z − λωi = ϑi + ωi+1(6.16)
providing Λi+ − Λ
i
− is a 0 distribution.
The i-th coordinate function of J−(j+1)Θ ◦ zj is:
λ−(j+1)ϑi ◦ z
j +
m−i∑
k=1
Cj,kϑk+i ◦ z
j ,
where Cj,k =
(−1)k
k! λ
−(j+1+k)(j + 1) · · · (j + k); and it follows that
Λi− − Λ
i
+ =
+∞∑
j=−∞
λ−(j+1)ϑi ◦ z
j +
+∞∑
j=−∞
m−i∑
k=1
Cj,kϑk+i ◦ z
j .
Note that both Λi− and Λ
i
+ are distributions by (2) of Lemma 4.4. By
substituting ϑk+i = ωk+i ◦ z − λωk+i − ωk+i+1 for all 1 ≤ k ≤ m − i into∑m−i
k=1 Cj,kϑk+i ◦ z
j we get
m−i∑
k=1
Cj,kϑk+i ◦ z
j =
m−i−1∑
k=1
Cj,k(ωk+i ◦ z − λωk+i − ωk+i+1) ◦ z
j
+ Cj,m−i(ωm ◦ z − λωm) ◦ z
j .
By noting that
+∞∑
j=−∞
Cj,k(ωk+i ◦ z − λωk+i) ◦ z
j =
+∞∑
j=−∞
Cj,k−1ωk+i ◦ z
j
it follows that:
Λi− − Λ
i
+ =
+∞∑
j=−∞
λ−(j+1)ϑi ◦ z
j +
+∞∑
j=−∞
λ−(j+1)ωi+1 ◦ z
j .
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By assumption (6.11) the left side is a 0 distribution. Thus the equation
(6.16) satisfies the solvability and use Theorem 2.2 again to conclude that
there exists a H
l−(m−i−1)σ
0 solution ωi with estimate
‖ωi‖l−(m−i−1)σ ≤ Cl‖ϑk+i + ωk+i+1‖l−(m−i−k)σ ≤ Cl‖Θ‖l
Since k is an arbitrary integer between 1 and m − 1 it follows that there
exists a solution Λ to equation 6.10 providing that the condition 6.11 is
satisfied. This can be repeated for all corresponding blocks Ad(z) |Nz . Since
the maximal size of a Jordan block is bounded by dimNz, we obtain the
following estimates for the solution Λ:
‖Λ‖l−σ1 ≤ Cl‖F‖l.
(3): It suffices to show that if the lifted equation Λ˜ ◦ z − Ad(z)Λ˜ = F˜ , if
F˜ = 0 then Λ˜ = 0. We assume notations in (1). Since Λ˜ = Ad(z−j)Λ˜(zj)
for any j ∈ Z, we get
Λi =
dimNz∑
k=1
ai,k−jΛk ◦ z
j , ∀j ∈ Z,
where Λi is the i-th coordinates of Λ˜.
By using (6.9) and estimates obtained in (1) of Lemma 4.4, for any u ∈ H10
we get
〈Λi, u〉 = lim
j→∞
〈
dimNz∑
k=1
ai,k−jΛk ◦ z
j , u〉 = 0
Then Λi = 0 follows immediately for any i. This shows that Λ = 0.
(4): By using arguments in the proof of (2), we can assume that F is on X¯.
If Ad(b) is invariant on Nz, there exists a basis in NC such that under this
basis Ad(b) has Jordan block form and each element in the basis has length
1. As usual, this basis may be chosen to consists of several real vectors and
several pairs of complex conjugate vectors. Let J = (qi,j) be an m × m
matrix which consists of blocks of Ad(b) corresponding to the eigenvalue
λ; i.e., let qi,i1 = λ for all 1 ≤ i ≤ m; and q
i,j
1 = 0 if j 6= i + 1 for all
1 ≤ i ≤ m − 1. Note that since elements in the basis are of length 1, then
qi,i+1 is not necessarily 0 or 1. It is clear that the norms of all blocks of
Ad(b) |Nz are uniformly bounded from above for any b sufficiently close to
z.
If b is sufficiently close to z, b is partially hyperbolic. It follows from (2)
and (3) that the equation (6.8) has a unique solution Λ ∈ Hl−σ1 . Let the
coordinate functions of Θ and Λ be ϑi and ωi respectively, 1 ≤ i ≤ m. The
m-th equation of (6.10) becomes:
ωm ◦ b− λωm = ϑm(6.17)
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and for 1 ≤ k ≤ m− 1 the k-th equation is
ωk ◦ b− λωk = ϑk + q
k,k+1ωk+1(6.18)
The estimates of ωm follow directly from equation (6.17) and Theorem 2.2:
‖ωm‖l−σ ≤ Cl‖ϑm‖l−σ ≤ Cl‖Θ‖l.
Inductively, the estimates of ωi follow directly from equations (6.17) and
(6.18) for k ≤ i ≤ m and Theorem 2.2:
‖ωi‖l−(m−i−1)σ ≤ Cl‖ϑi + q
i,i+1ωi+1‖l−(m−i)σ ≤ Cl‖Θ‖l.
Repeated the above process for all corresponding blocks Ad(b) |Nz . We
obtain the following estimates for the solution Λ:
‖Λ‖l−σ1 ≤ Cl‖F‖l.

7. Proof of Theorem 2.5
7.1. Reduction to finding a solution for a single cocycle equation.
Lemma 7.1. Suppose αA is a higher rank partially hyperbolic action on X
and N is the neutral distributions of αA on X¯. If R is a H
1 Ad-twisted
cocycle over αA valued on N and Ω ∈ H
1
0,X solves the equation
Ω ◦ z −Ad(z)Ω = Rz + c(7.1)
for some e 6= z ∈ A and c ∈ N (Here we use Rz := R(z, ·) to denote the
map from X to N). Then Ω solves (7.1) for all the elements of the cocycle
i.e. there exists a homomorphism c : A→ N such that for all d ∈ A we have
Ω ◦ d−Add Ω = Rd + c(d).
Proof. From (7.1) we see that c = −
∫
X Rzdµ (note that Ω ∈ H
1
0,X). Set
R′d = Rd−
∫
X Rddµ for any d ∈ A. Then R
′ ∈ H10,X . It is easy to check that
R′ is also an Ad-twisted cocycle over αA. By the twisted cocycle condition
R′d ◦ z −Ad(z)R
′
d = R
′
z ◦ d−Ad(d)Rz
we have
TdR
′
z = TzR
′
d, ∀d ∈ A,
where Tdf = f ◦ d−Ad(d)f for any f ∈ HX .
Substituting (7.1) into the above equation we have
Td(TzΩ) = TzR
′
d, ∀d ∈ A.
Since operators Td and Tz commute this implies
Tz(TdΩ−R
′
d) = 0.
By (3) of Lemma 6.9 it follows that TdΩ−R
′
d, i.e., Ω solves
Ω ◦ d−Ad(d)Ω = Rd + c(d)
as well. 
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Remark 7.2. The result still holds if we change R to a cocycle over αA,
since we just need to show that the operator Ddf = f ◦ d − f is injective,
which is obvious from Fact 5.2.
The first part of Theorem 2.5 follows directly from Theorem 2.3 and the
above remark. Next, we prove the second part. Lemma 7.1 shows that
obtaining a tame solution of cocycle R for one regular generator suffices for
the proofs of Theorem 2.5. Hence to prove Theorem 2.5, it is equivalent to
prove the following lemma:
Lemma 7.3. Suppose m1 and σ1 are as defined in Lemma 6.9. Also suppose
a1 and b1 commute and are regular generators for αA on X. If F ,G : X → N
satisfying
F ◦ b1 −Ad(b1)F = G ◦ a1 −Ad(a1)G(7.2)
and F , G ∈ Hm0,X , m ≥ m1, then the equations
Ω ◦ a1 −Ad(a1)Ω = F
Ω ◦ b1 −Ad(b1)Ω = G(7.3)
have a common solution Ω ∈ Hm−σ10,X with the following estimate
‖Ω‖m−σ1 ≤ Cm‖F ,G‖m.(7.4)
Proof. By arguments in the proof of (2) of Lemma 6.9, we can assume
F ,G : X¯ → N. Next, we show that the obstructions to solving equations
7.3 vanish. From the equation (7.2) we get
j=n∑
j=−n
Ad(a1)
−(j+1)F ◦ (b1a
j
1)−
j=n∑
j=−n
Ad(b1)Ad(a1)
−(j+1)F ◦ aj1
= Ad(a1)
−(n+1)G ◦ an+11 −Ad(a1)
nG ◦ a−n1 .
From proof of (1) of Lemma 6.9 and (2) of Lemma 4.4 we see that the right-
hand converges to 0 as a distribution (in π) when n → ∞. Hence we see
that
Ad(b1)
−1
+∞∑
j=−∞
Ad(a1)
−(j+1)F ◦ (b1a
j
1) =
+∞∑
j=−∞
Ad(a1)
−(j+1)F ◦ aj1(7.5)
as distributions. This shows that
Ad(b1)
−k
+∞∑
j=−∞
Ad(a1)
−(j+1)F ◦ (bk1a
j
1) =
+∞∑
j=−∞
Ad(a1)
−(j+1)F ◦ aj1
as distributions for any k ∈ Z.
If we can show that
+∞∑
n=−∞
+∞∑
j=−∞
Ad(b1)
−(n+1)Ad(a1)
−(j+1)F ◦ (bn1a
j
1)(7.6)
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is a distribution, then by iterating equation (7.5) we obtain:
+∞∑
n=−∞
+∞∑
j=−∞
Ad(b1)
−(n+1) Ad(a1)
−(j+1)F ◦ (bn1a
j
1)
=
+∞∑
n=−∞
Ad(b1)
−1
+∞∑
j=−∞
Ad(b1)
−nAd(a1)
−(j+1)F ◦ (bn1a
j
1)
=
+∞∑
n=−∞
Ad(b1)
−1
+∞∑
j=−∞
Ad(a1)
−(j+1)F ◦ aj1
Since the series in the left hand side of above equation is a distribution by
(1) of Lemma 6.9, it forces
∑+∞
j=−∞Ad(a1)
−(j+1)F◦aj1 to be a 0 distribution.
Then the result follows from Lemma 6.9.
Let (ak,ln,j) denote the matrix of Ad(a1)
nAd(b1)
j on N . Since the eigen-
values of Ad(a1) and Ad(b1) on N are all in U(1), we have
‖(ak,ln,j)‖ ≤ C(|n|+ 1)
dimN (|j| + 1)dimN , ∀n, j ∈ Z.(7.7)
The i-th coordinate of (7.6) is:
∑
j∈Z
∑
i∈Z
dimN∑
k=1
ai,k−(j+1),−(n+1)Fk ◦ (b
n
1a
j
1)
where Fk is the i-th coordinate of F .
By using (7.7) it follows from (5.3) of Lemma 5.1 that (7.6) is a distribu-
tion. 
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